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Abstract
We have simulated lattice QCD directly in the chiral limit of zero quark
mass by adding an additional, irrelevant 4-fermion interaction to the standard
action. Using lattices having temporal extent of six and spatial extents of
twelve and eighteen, we nd that the theory with 2 massless staggered quark
flavors has a second order nite temperature phase transition. The critical
indices , mag,and  are measured and are close to the values expected on
the basis of universality arguments based on dimensional reduction. The pion
screening mass is consistent with zero below the transition, but is degenerate





There are several bottlenecks in the simulation studies of lattice eld theories by
standard algorithms [1], [2]. One of the most harmful is that the chiral limit cannot be
simulated directly because the standard algorithms fail to converge in the limit of vanish-
ing bare fermion mass. Various chiral transitions, such as the nite temperature Quantum
Chromodynamics (QCD) transition to be discussed here, have been dicult to study quan-
titatively because of this. In addition, QCD spectroscopy and matrix element calculations
are done with relatively heavy quarks so their results are either not realistic or are subject
to error-prone extrapolations to reach the physics of low mass pions.
These problems can be solved in large part by adding a four-fermi interaction to
standard lattice actions with staggered fermions [3]. The resulting lattice action can be
simulated directly in the chiral limit because an auxiliary scalar eld  (essentially the chiral
condensate h   i) acts as a dynamical mass term for the quarks insuring that the inversion
of the Dirac operator will be successful and very fast. In eect, this approach allows the
dynamically generated ‘constituent’ quark mass to tune the algorithm that generated it and
guide its convergence. This approach is far more ecient and physical than the traditional
lattice algorithm in which the chiral limit is singular and a nonzero bare quark mass m is a
necessity.
Using this strategy we have simulated lattice Quantum Chromodynamics (QCD)
with two flavors of staggered quarks on 123  6 and 183  6 lattices, at zero quark mass, in
order to determine the position and nature of the nite temperature transition. In addition
to measuring the standard order parameters, we have measured the pion and (f0) screening
masses to probe the nature of chiral symmetry restoration at this transition. We nd that the
two flavor theory experiences a second order chiral symmetry restoring phase transition. We
make independent determinations of the critical indices mag, , and , and nd results that
are close to those of the O(4) (and O(2)) sigma model in three dimensions, providing support
for the standard scenario of dimensional reduction and universality for this transition [4].
In this letter we discuss the strong and weak points of the universality arguments
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for the nite temperature transition in QCD and review the ‘standard’ expectations. We
review the lattice formulation of QCD with chiral four-fermion interactions, and present our
data and ts. We end with discussions and conclusions, and directions for future research.
The scenario of dimensional reduction states that at high temperature T only the
Fourier components of each bose eld with vanishing Matsurbara frequency will contribute
to the thermodynamics. Since fermi elds have no thermal zero modes, they decouple at
high T. If the region in T where dimensional reduction applies includes a second order phase
transition, then the Universal critical behavior of the transition should be governed by a
local three dimensional bose system with the same global symmetries as the original four
dimensional eld theory. So, in QCD where chiral symmetry is described by an axial flavor
rotation operating on the two light quark elds, the low energy content of the theory is given
by an SU(2) matrix eld which is parametrized by four bose elds, the three pions and their
chiral partner, the sigma. So, the resulting eective eld theory is an O(4) sigma model
[4]. This theory has a second order phase transition with critical indices [5],  = :73(2),
mag = :38(1),  = 4:82(5), etc.
There are several known ways in which this scenario can fail. First, dimensional
reduction must occur in the vicinity of the phase transition. Since the correlation length
diverges at the critical point, it is plausible that the boson elds do not vary appreciably
over the temporal extent 1=T . In fact, dimensional reduction can be shown to occur in
weak coupling eld theories [6]. However, in QCD there are forces suciently strong to
cause connement and chiral symmetry breaking. In addition, the traditional universality
argument assumes that the eective eld theory is a local bosonic theory, even though the
underlying dynamics at zero T can generate fermion zero modes, long range forces and
correlations. One has to invoke connement on the hadronic side of the transition and
Debye screening on the plasma side of the transition to ignore these potential problems. Of
course, if the fermions do not decouple at the critical point, then their fermi statistics alone
will generate long range correlations that could violate naive universality arguments. In the
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case of the 3 −D Gross-Neveu model in the large N limit, dimensional reduction does not
occur and the critical behavior of the model’s nite temperature transition is described by
mean eld theory [7]. This violation of the standard picture occurs only in the large N limit.
At nite, but large N , the scaling window around the critical point has a width that scales
to zero as 1=N . Inside this scaling window, which becomes innitely narrow at large N , the
standard scenario does, in fact, survive [8].
These considerations suggest that the universality class of the two flavor nite tem-
perature transition in QCD should be determined by direct methods.
There are several technical points that should be addressed. First is the lack of
full flavor symmetry in the staggered fermion method on a nite lattice. Away from the
continuum limit, the lattice theory has one instead of three massless pions, so the universality
argument would point to the O(2) sigma model as the eective 3−D eld theory describing
the theory’s second order phase transition. The critical indices of this model are  = :71(2),
mag = :35(1) and  = 4:81(1) which are very close to the expected O(4) indices [5]. The
dierence between these two universality classes is beyond the resolution of this study. The
best we can do here is to observe evidence that the transition is indeed second order and
distinguish between mean eld theory exponents and the O(4)=O(2) indices.
The lattice QCD action used in this study contains an additional chirally invariant
4-fermion interaction. Because the extra interaction is irrelevant, such an action should lie
in the same universality class as the standard action. Ideally, such an interaction should be
chosen to have the SU(Nf )SU(Nf ) flavour symmetry of the original QCD action. However,
when one introduces auxiliary scalar and pseudoscalar elds to render this action quadratic
in the fermion elds | which is necessary for lattice simulations, | the fermion determinant
is no longer real, even in the continuum limit. Thus for 2 flavour QCD (Nf = 2), we make a
simpler choice and choose a 4-fermion term with the symmetry U(1)U(1)  SU(2)SU(2),





FF +  (D=+m) − 
2
6Nf
[(   )2 − (  γ53 )2]: (1)
which becomes quadratic in the fermion elds when we introduce auxiliary elds  and ,
L = 1
4
FF +  (D=+  + iγ53 +m) +
γNf
2
(2 + 2) (2)
where γ  3=2. The molecular dynamics Lagrangian for a particular staggered fermion
lattice transcription of this theory has been laid out in reference [3]. There we reported
simulation results on smaller lattices and discussed the choice of parameters as well as
systematic errors. Here we shall discuss higher precision simulations on larger lattices,
183  6 and 123  6.
By doing simulations on two lattice sizes we were able to isolate nite volume eects
in several observables and check that they had the behaviour expected of nite size scaling
theory. We ran simulations at γ = 10 and 20 on a 123  6 and γ = 20 on an 183  6 lattice.
We carefully checked that our results do not depend on γ or on the lattice size. These
technically important results will be discussed at greater length elsewhere [9].
Since our lattice action does not single out a preferred chiral direction, we accumulate
the magnitude of the order parameter,
√
hi2 + hi2 and
√
h   i2 + h  γ53 i2, rather than
the order parameter itself, which averages to zero. These are not true order parameters
since they do not vanish identically in the symmetric phase. However, for a large system
of volume V , their values in the high temperature phase are of order 1=
p
V . In the low
temperature phase the order parameter can be t to a standard critical form, A(c−)mag ,
if  is chosen within the model’s scaling window near c. Of course, we cannot simulate
the model with  chosen too close to c where the order parameter is very small, and nite
size rounding in the eective order parameter
p
2 + 2 is considerable. This forces us to
work slightly away from the critical point and would produce indecisive results if the scaling
window were particularly small. These potential problems bear close scrutiny.
The simulations of the lattice version of Equation 2 were performed using the hybrid
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molecular-dynamics algorithm with \noisy" fermions allowing us to tune Nf to 2 flavours
[3]. The simulations on an 183  6 lattice were performed at 14  values from 5:39 to 5:45,
the observed chiral transition occurring close to  = 5:423. This enabled us to t order
parameters in the scaling window on both sides of the transition. Runs at single ’s varied
in length from 5,000 to 50,000 molecular-dynamics time units close to the critical point (this
computer \time" is the same as that used in related works by other groups, such as [10]). We
were forced to make such lengthy runs because of critical slowing down. Order parameters
measured included the local chiral condensates h   i and h  γ53 i, their counterparts in
terms of the auxiliary elds viz hi and hi, the thermal Wilson line, the plaquette, and
operators contributing to the partial entropies of each eld. These were measured every 2
time units and binned to minimize the eect of correlations on error estimates. The molecular
dynamics \time" increment for updating was dt = 0:05 [3]. This was large enough that the
order parameters hi and hi have sizable O(dt2) errors. However, since these errors can be
absorbed in a redenition of the couplings in the action, they should not aect universality.
The data for the magnitude of the order parameter
√
h   i2 + h  γ53 i2 is plotted
against  in Figure 1. The points between  values of 5:41 and 5:4225 were tted to a
simple powerlaw A(c− )mag . The t has a condence level of 94 percent and determined
the parameters c = 5:4230(2), a = 1:19(12) and, most importantly, the critical index
mag = :27(2). Considering that this error is the standard deviation for a 3-parameter t,
and does not include systematic errors, this critical index compares fairly well to that of
the O(2) spin model, O2 = :35(1), and is distinctly dierent from the exact result of Mean
Field Theory, mf = 1=2.
We see in the gure that points at stronger coupling than  = 5:41 are outside the
scaling window. For example, if the points at  = 5:4 and  = 5:405 were included in the t,
the condence level would fall to 28 percent while the predicted best value for mag does not
change signicantly. The t did not include data for couplings weaker than 5:4225 because
there are large nite size eects for  = 5:425 and higher. Our simulations on 123  6
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FIG. 1. The order parameter plotted against . The solid line is the t discussed in the text.
lattices produced values for the order parameter which were essentially identical to those
shown in the gure for   5:4225, but were considerably larger for  > 5:4225. Using the
2 lattice sizes to remove the nite volume eects also produced indices consistent with the
above. The data on the weak coupling side of the transition is, in fact, compatible with the
nite size scaling prediction that the magnitude of the order parameter should fall to zero
as 1=
p
Vs, where Vs is the volume of the spatial box. For the 12
3  6 lattice and γ = 10,
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our ts predicted c = 5:465 and mag = :27(3), in good agreement with the 18
3 6, γ = 20
results.
A second independent critical index is  which controls the size of the order parameter
at the critical temperature as the quark mass is turned on. The order parameter should
scale as h   i = am1=. Our best t gives a = 1:66(2) and critical index  = 3:89(3) (albeit
with only a 4% condence) which should be compared to 4:8(2) of the O(4) sigma model in
three dimensions or 3 of mean eld theory. We accumulated data at quark masses ranging
from 0:004 to 0:030, as shown in Figure 2 on a 123  6 lattice with the strength of the
four fermi coupling set to γ = 10 in one series of runs and 20 in another. Since the quark
mass is dierent from zero in these simulations, the real order parameters hi, h   i can be
measured rather than their absolute values.
Now consider hadonic screening lengths . These determine the manner in which chiral
symmetry is restored as we pass through the transition from hadronic matter to a quark-
gluon plasma. Here we concentrate on the  and (f0) propagators which can be calculated
from the  and  auxiliary elds. For these we stored the  and  elds averaged over each
z-slice of the lattice, every 2 time units. Because the orientation of the condensate changes
continuously throughout the runs, we relabeled the component of these elds in the direction
of the condensate as  and the orthogonal component as  for each conguration. These
elds were then correlated to calculate the average  and  screening propagators. The sum
of these propagators is easily seen to give the joint = propagator in the plasma phase.
The screening mass obtained from this unsubtracted propagator is plotted in Figure 3 as a
function of . It flattens out in the hadronic matter phase when the elds develop a vacuum
expectation value heralding a truly massless pion. While good ts of the pion propagator
to a massless boson propagator are obtained in this region, ts in which the mass is allowed
to float typically give masses  0:2. The reason is clear: the way we have dened our
 propagator requires that we augment the usual t to a cosh with an additive constant
to be determined in the t. Having this extra parameter in our t increases the diculty
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FIG. 2. The order parameter plotted against m at criticality on a 123  6 lattice. The solid
line is the t discussed in the text.
in distinguishing the parabolic massless propagator from the cosh when small masses keep
the arguement of the cosh small. To make this distinction will require lattices of larger
spatial extent and/or higher statistics. Until then we appeal to Goldstone’s theorem for the
knowledge that the pion is exactly massless in the chirally broken phase in this formulation
of lattice gauge theory even on a discrete lattice [3]. The t for the screening mass in the
plasma phase is also shown. The t used the data points at  = 5:4225 through  = 5:45
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and used the form a( − c) . It predicted a correlation length exponent of  = 0:59(7), an
amplitude a = 2:66(71) and a critical coupling c = 5:4196(7). As is clear from the gure,
the data here suers from errors, both statistical and systematic, that are larger than in
our other analyses. The prediction  = 0:59(7) is compatible with the O(4) model in three
dimensions where O4 = :73(2) and the mean eld result of  = 1=2.
FIG. 3. The pion screening mass plotted against  on a 183 6 lattice. The solid line is the t
discussed in the text.
The results of this study, especially mag, favor the dimensional reduction and naive
universality scenario. Further simulations on larger lattices will be needed to control nite
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size eects and produce measurements of the critical indices free of hidden systematic ef-
fects. In particular, the strong coupling and narrowness of the scaling window which are
presumably responsible for mag being systematically lower than expected imply that sim-
ulations on Nt = 8 lattices would provide denitive results. This is in agreement with the
observations of those who have attempted to measure this index by extrapolations from
nite mass simulations (See [11] for a review).
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